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QUESTION 1

a) The square waveform of Figure 1 is an odd function waveform. This waveform
also half-wave symmetry. Compute all coefficients to verify this waveform.

assume that o= 1 (9 Marks)
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Figure 1
b) Compute the first five (5) components of the trigonometric Fourier series for the
waveform shown in Figure 2. Assume w = 1 (8 Marks)
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QUESTION 2

a)  Derive the Fourier transform of f(t) = e-al using
I Fourier transform definition (3 marks)

ii. By substitution into the Laplace transform equivalent (3 marks)
b)  The symmetric rectangular pulse waveform f(t) = [u,(t +T) — u,(t—T)]

shows in Figure 3. Compute the Fourier transform for this rectangular pulse
transform. (5 marks)

f(t) 1
A

-T 0 T
Figure 3

c)  Derive the Fourier transform of
f(t)= Aluo(t+3T)— uo (t+T)+ o (t=T)- uo(t-3T)] (4 Marks)

d)  Figure 4 shows a simple RL circuit. Using the Fourier transform method, and
the system function H(w), compute vi(t). Assume iL(07).

(10 Marks)

Vi) = 5e (0 |

Figure 4
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e) Analog filter is defined over a continuous range of frequency. They are
classified into four (4) types: low-pass filter, high-pass filter, band-pass filter,
and band-elimination (stop-band).

i. Explain all four (4) types of analog filters. (4 Marks)

ii. Draw all four (4) types of analog filters with magnitude characteristics
: ' (6 Marks)
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QUESTION 3
a) Compute the Laplace transform of the following time domain
functions
i (22 =5t + 4)u,(t-3) (2 Marks)
ii. (3sin5t)u,(t) (2 Marks)
ii. 4e73(cos2t)u, () (2 Marks)

b) The equation below is one of the Laplace transform expressions using the
' partial fraction expansion method

3524+ 25+5

F. —
28) = ST an T8

i.  Derive the equation above using the partial fraction expression
(6 marks)

ii.  Formulate the time domain function f (t) corresponding to F,(s)
(2 marks)

c) Figure 5 shows RC circuit and can be transformed from time to the complex
frequency circuit. Use the Laplace transform method and Kirchoff's Voltage

Law (KCL) to produce the voltage Vc(t) across the RC circuit’s capacitor. Given
that Vc(07) =6 V.

(6 marks)

R=1ohm

MV

Vs =12u,(t)V

c=tF -~ Ve(h)

Figure 5
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d)

admittance Y(s). All values are in Q (ohms).

Figure 6 shows serial parallel circuit for complex impedance Z(s) and complex

o
S
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b

T I,{ | :
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8/5s < I0 e
- >
-
2(5) — l
Yisy — : 35
Figure 6

Identify complex impendence Z(s)

Formulate complex admittance Y(s).

(4 Marks)

(1 Mark)
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QUESTION 4

a) Derive the z-transform of the signal below (2 Marks)

x[n] = 5 uln]

b) Using the partial fraction expansion method, compute the Inverse Z transform
of the equation below. (6 Marks)

_ 12z
f (z+1)(z—1)2

F(z)

c) Adiscrete time system is described by the difference equation below

y[n] +y[n = 1] = x[n]
where ~
y[n] = 0 for n<0
From equation above:
i Identify transfer function. H(z). (2 Marks)
ii. Compute the discrete time impulse response h[n]. (2 Marks)
iii. ldentify the response when the input is x[n]=10forn=0 (5 Marks)

d)
Given the transfer function for G(s) is,

- 3s2+55+7
T sT+4s+6
Derive the magnitude-square function, A2 (w) (6 Marks)

End of question
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Attachment

List of integrals of exponential functions

Integral Rule 7 General Rule j
fcos rdr=gnz+ ( fcos(cm:-{- b)dz = ls'm(aa; +8+C
__| ¢ __
fsiﬂ zdr= — cosz+ C fsin(a:r + b)de = — 1 cos(az +b) + C'
. a
ftan zdr= —1n !COS .’L’, + ftan(am-{— bidr= — Ell:\ ICOS(az-l- b)] +C
a
/cotan z dr = In ,.Si.u rl + C fcotan(aa:-}— byds = 2 In lsin(a:n-i— b)l +C
42
fsec xdr=ln |sec x4 tan :1:, + fsec(az-i— b)dz = iln lsec(am+ b) + tan{ex + b)[ +C
a
1
fcosec zdr= —ln ’cosec 2+ cotan r’ +C fcosec(ag; +bdr= —Zh |cosec(a.r + b) + cotan(az + b)l +
a
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/.(-:'”rdsr:=e'“F

1.
¥ dz = —¢™
. c

- 1 '
/a‘“ dz = e fora >0, asl
¢-lno

- 8[‘.:17
ze™ dz = p—g(m -1

2
w{ T 2z 2
xz ec.z d T = eus - :
‘ ¢ o2 C.i

2o 1 s erT i
/;ﬂ-d:{::n_l(—zn_]‘*‘c‘/zvr_ldﬂ}’) (fOITL}/'l)

/e"‘“ Inzdzr = %e“’“ In |z — Ei (ex)

oo
. = .
¢Tsinbr dr = — 5 (esin bz — beos be)
, b
'(JCT'C‘OQ bz dz = e (ccos bz + bsin br)
2" cog bz T e \ceos b + bsin be
folid 7i—1
. evsm” g, | {n—1 < ne
¢¥sin" z dz = — 5 (csnm:—ncosx)—l—H e¥sin" 2z dz
c“+n c+mn
e cos™ 1l ¢ . nin —1 e
e cos"z dz = -(ceosz + nsinz) 4 g 2) e cos” 2z dg
€? 4 n? c24n ,
L 1
]z dp = e
2¢
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n~1
1
/ dz = &* (Z Ca; 2J+l)+ 2n—1 cz,,_z/“ valid for n > 0,

F=0
where ¢y = —2 2;;4-1(23 ) = 1(3.;341 :
« = (=) 1) -
f\_v/ dz = ’gﬂ T+, -+ m;ﬂ Jeml(n+1,—Inz)  (forz > 0)
1 ifn=0,
where @y, = % Hm= 1,
111 v __1 JOmn—3@m-14-1 otherwise

and T(Q,‘\ y)is the Gamma Function

[;F—k}ﬁdzzig_%h(a3M+b)\\r‘he11b7éO,A%O,andae)@_}_b:}g'

e 1,
/ acim_—i- 5 42 = = [0e™ 40— bln (e + 1) when a # 0, # Qand gdo 4 5 .

Definite integrals

1 1,
/ & ot (1~z)nb dr — / ﬁ ~bdx = / B de = a-b _— for
o 0 b " Ina—1Inb

aQ > 0 b> 0 73 7£ b . which is the logarithmic mean

/0 dmma(a,<0)

= 2 far
/ e dr==,/—= (a > O) (the Gaussian integral)
1] 2 a
o —
Kig
/ e‘““ztiw:\/-‘ (a>0)
a

b4 . . .
dz = \ —eT (a, > O)(sce Integral of a Gaussian tunction)

~—ad
OO0

/ ze—a(=—b)* dz=19b /E
Va

2 —az®

e dz = =

L. ;
iT (=) Ja"F (n>-1,0>0)

/ R T e JE (n = 2k, k integer, o >0) (Vs the double factorial)
e (n=2k+ 1,k integer,a > 0)
/mz"e‘“‘“dz_ {Ja%g (n>—1,a>0)
0

s (n=0,1,2. a0

88
fa—y
=
vV
=

R

<

g { ]
/ “C s bz dr = 2_;_&9 (a>0)

10
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Laplace Transform Properties and Theorems

Property/Theorem Time Domain Complex Frequency Domain
1| Lineariry ¢y () + ¢, £(1) ¢y Fy(8) + ¢4 Fy(s)
+e, T.(1) Tt Fos)
2 | Time Shifring f(t—ajuy(t—a) ¢ Fis)
3 | Frequency Shifring ) Fiz+a)
4 Time Scaling £(aty 1787
~ (%)
a a
5 | Time Differentiation d .. sFisy— (0
See also {2.18) through (2.20) | & fir) ()10
§ Frequency Differentiation t(t) d Fres
See also (2.22) T3t ts)
T | Time Integration t
j f(t)dt E(s)  £(07
- 5 s
8 | Frequency Integrarion it oo
) o) | Fisyds
t "8
8 | Time Periodiciry f(t+aT) T —
[ fitre dt
0
1- ;e_—s'T
10 | Initial Value Theorem lim f{t) tim sF(z) = £(07)
—0 5—% e ’
11 | Final Value Theorem lim ft) lim s5F(s) = f{e0)
t—} cs §—0
12 | Time Convoludon £ i) Fy(s)F,(2)
13 |F 1oy Convoluti i (1] '
3 | Frequency Convalution f{tiEa 0t L Fy(8)"Fy(s)
2nj~ ! e

11
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Laplace Transform Pairs for Common Functions

() Fe)
1 [uy(h) e
? tuy(t) ‘1/82
3 tnu{,(t) n!
, Sn+ 1
4 3(1) :
5> | 8(t—a) <
o —at : !
g Ut s+a
0( ) s+a
7 —at '
Tnﬁ' uﬂ(f) = n+1
(s+a) =
S sinot UD(U 2
ST+
0 coswt uy(t) -
ST+
T o .
10 e Msinmt 1g(t) m‘ 2
(s+a) +
11 I LN uy (1) > +~,a 3
(s+a) +w

12
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Common Fourier transform pairs

ax

fit) Flw)
5(1) 1
8(t— i) e—jmt’,_,
1 2ns(w)
ot 2n8{m — my)
sgn(t) 2/(jw)
bo(1) i + T3 )
10
cosm,t n[8{e—w,) + B(xw + )]
sinagt ITLE (0 — mg)-8(w + )]
& 1
—ai Y
€ uO(t) _](D +a
ax0 1m0
- 1
te ™ uy(t) T3
o+ a)
a>d
ax0
e—atcoswotug(‘c) jo+a

W2 2
Jw+3a)y +o

a>=0

—at - -
€ smogtut)

9]

Jo+a)y +o

a0 a=0
Alug(t+T) —ug(t - T)] gaT SReT
- wT

13
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- Properties and Theorems of the Z transform

Property / Theorem

Time Domain

7 transform

Lineariry

afy[n] +0fy[nl+ ...

aFI(Z:) + ng(Z) +

Shifr of x[n]u,[n]

fn-mlugfn—m]

z "F(z)
Righr Shifr f{n-m] m-1
~Blp, -1
z F(z)+ Z fln-mjz
n=0
I.Efl' Shi{[’ f [n + nl] i -1 -
z F{z)+ Z fin+m]z
n=-m
Mulriglication by a® a’f [n] F (g )
~d /
Multiplication by et ey [n] F(eﬂz)
Multplication by o :
pli 0o uf [n] =—z£F(z)
dz
Mulriphicarion by n? : 2d?
preaTon B o [n] zi}"(z)+z'd F(z)
dz dz’.’
Summation in Time

n
S f[m]

[’_z:__“;l,(z)

z-1/
m={
Tiﬁlf Convoluﬁon fg [ﬂl]:gf.-, [ﬁ] Fl (z') . Fj(z)
Frequency Convolurion f.[n] £, Py
] ) A bxE 0y Ev av
137 v/
Initial Value Theorem

f[0] = lim F(z)

Z— oo
Final \"1211(18 Theorem lim f{n] = hm (z- 1)F{z)
0 - ze z—»1

14
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The Z transform of standard discrete-time functions

[n] F(z)
5[n] 1
B[n - m] P
a'ug[n] 2 2| =@
Z-a
uy[n] £ 2| = 1
z-1 ’
. -naT, T -
e m Jup[n] z = Ie 1, ]’{1
z—eg 't
(eoznaThug[n] z' — zcosaT
- |z]>1
z -2zcosaT+1
(sinnaTu[n] —zemal oy
z -2zcosaT+1
. n . 2 Y
{a cosnaTjuy[n] _ z —azcosaT 2| »a
Z -2azcosaT+a”
(a”sinnaT)o,[n] azsinaT |z| »a

2 2
zZ - 2azcosaT+a

ugla]-uy[n —m] &1
2 l{z -1
1] z/(z- 1)
9 . s .3
1 up[n] ziz+ 1)/ (z- 1)
[0+ 1]uy[n] 2z 1P
annug[u] [az) [z - 3)2
anniu{,[u] az{z+a)/(z-a)

an[n+ 1]ug[n]

5 3
23z (z—a)

15
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7) = éao + a, cos(ur)+ S b, sin (nr)

n=1 n=1

¢ -1
T,

X(f) — i Cnejn(z)ot

J-To x(t)e”j "o gy

0

xt)=1"[x(s)]= 1 Ty (s)e*" ds
X(z)= i x(nT)z™" where z=e”
n=0

1 k-1
7n] :E§F(z)z dz

X
xsinaxdx = —sinax — —cosax
a? a
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